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Abstract
Partial differential equations in the physical domain Xn can be solved on a structured numerical grid
obtained by mapping a reference grid in the logical region Zn into Xn with a coordinate transformation

x(€) : En — Xn.

The structured grid concept also gives an alternative way to obtain a numerical solution to a partial
differential equation, by solving the transformed equation with respect to the new independent variables &i
on the reference grid in the logical domain Zn.

Some notions and relations concerning the coordinate transformations yielding structured grids are
discussed in this chapter. These notions and relations are used to represent some conservation-law
equations in the new logical coordinates in a convenient form. This article highlights the numerical
solution of partial differential equations.
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Introduction

The numerical solution of equations requires the application of moving grids and the
corresponding coordinate transformations, which are dependent on time. Commonly, such
coordinate transformations are determined in the form of a vector-valued time-dependent function

z(t,£): Z" = XP. £e I telnl],

where the variable t represents the time and Xn t is an n-dimensional domain whose boundary
points change smoothly with respect to t.

It is assumed that x(t, &) is sufficiently smooth with respect to &i and t and, in addition, that it is
invertible for all t € [0, 1]. Therefore there is also the time-dependent inverse transformation

E(t.x) : X — ="

forevery t € [0, 1].

The introduction of these time-dependent coordinate transformations enables one to compute an
unsteady solution on a fixed uniform grid in Zn by the numerical solution of the transformed
equations.

Many physical problems are modeled in the form of non-stationary conservation-law equations
which include the time derivative. The formulas can be used directly, by transforming the
equations at every value of time t.

However, such utilization of the formulas does not influence the temporal derivative, which is
transformed simply to the form

i aed o9
- + —= - — .
e e e o

so that does not maintain the property of divergency and its coefficients are not derived from the
elements of the metric tensor.

The first derivative xt, x = (x1, x2,...,xn), of the transformation x(§,r ) has a clear physical
interpretation as the velocity vector of grid point movement.
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Let the vector xt, in analogy with the flow velocity vector u, be
designated by w = (w1,...,wn), i.e. wi = xi 7. The ith component wi
of the vector wi in the tangential bases x&i, i = 1,..., n, is expressed

gt ard At

T = - = — - iy =1,....n
a1 ar oo Y
Therefore
W= Tgi i=1,.... n
ie.
o’ hr?
w'= — =1 —, j=1..., n
o e?

Differentiation with respect to £2 of the composition of zn{fnj ]

vields
gt oz gt 9l .
— et — =10, ij=1...n
dz0 JEn - G oEe
Therefore we obtain the result
aet drd agt ;.
-_ T - —_'1 5 ] = l ..... .
ot arooi . 0 M "

It is apparent that the Jacobians of the coordinate transformations
x(1, &) and x0(&0) coincide, i.e.

iz’ dz*

der(%) =tlot(%) =J, ij=01,....n ki=1,....n
xp(£y) : ZMH —

is expressed by the relation

19 &zF g
Jagit T ggigem gzk

ikm=01....n,

kEm=0,1,....n,

| g ok ag™ G
—_—.I = = - | = (ll\'x_—.
Jar agm \ ar | ark ar

and, taking into account (2.84),
14 a [ azFy aem
—J = | W — | =
Jar g™ dei | oxk

S — A2pk gem

jhkm=1....n

T JETIE™ Pk
a [ o .
—J==]=0, ii=01,....m
aEi ( m-) tJ "

Therefore for 1 = 0 we obtain

9 a [ o _
N+ (%) =0, j=1....n,
or }+H£J( m) y "

and, taking into account (2.85),

%.I - %[Jﬁj} =1,
One of the most popular systems of coordinates in fluid dynamics
is the Lagrangian system.
A coordinate &i is Lagrangian if the both the ith component of the
flow velocity vector u and the grid velocity w in the tangent basis
x&j, j = 1,...,m, coincide,
ie.ui—wi=0.

Research Study
Conservation-law equations in curvilinear coordinates are typically

deduced from the equations in Cartesian coordinates through the
classical formulas of tensor calculus, by procedures which include
the substitution of tensor derivatives for ordinary derivatives. The
formulation and evaluation of the tensor derivatives is rather
difficult, and they retain some elements of mystery.

However, these derivatives are based on specific transformations of
tensors, modeling in the equations some dependent variables, e.g.
the components of a fluid velocity vector, which after the
transformation have a clear interpretation in terms of the contra-
variant components of the vector. With this concept, the
conservation-law equations are readily written out in this chapter
without application of the tensor derivatives, but utilizing instend
only some specific transformations of the dependent variables,
ordinary derivatives, and one basic identity of coordinate
transformations derived from the formula for differentiation of the
Jacobian.

For generality, the transformations of the coordinates are mainly
considered for arbitrary n-dimensional domains, though in practical
applications the dimension n equals 1, 2, 3, or 4 for time-dependent
transformations of three dimensional domains.

We also apply chiefly a standard vector notation for the

coordinates, as variables with indices. Sometimes, however,
particularly in figures, the ordinary designation for three-
dimensional coordinates, namely X, y, z for the physical

coordinates and &n,( for the logical ones, is used to simplify the
presentation.

Let x(&) : En — Xn, & = (&1,...,&n), x = (x1,...,xn), be a smooth
invertible coordinate transformation of the physical region Xn c
Rn from the parametric domain En < Rn. If En is a standard
logical domain, then, in accordance with Chap. 1, this coordinate
transformation can be used to generate a structured grid in Xn.

Here and later Rn presents the Euclidean space with the Cartesian
basis el,..., en, which represents an orthogonal system of vectors,

i.e.
1
2; - 8; =
. 0

rley + -+ ey,
E=¢tler+---+E"en.

if i = j,
if i £ 3.
Thus we hawve

€I

The values xi, i = 1,..., n, are called the Cartesian coordinates of the
vector x. The coordinate transformation x(&§) defines, in the domain
Xn, new coordinates &l,....En, which are called the curvilinear
coordinates.

This transformation can be considered analogously as a mapping
introducing a curvilinear coordinate system x1,...,xn in the domain
Zn c Rn.

dEi B

X (c1)H J,

o = (1) e /

i’ SN s

_— = | . j. g o ] - 5 2
e = Vg b=l

Similar relations between the elements of the corresponding three-dimens
matrices have the form

dgt 1 [ Dait gait?
“ﬁt’-{-l ”{l+2 -

dr? J
o Acitl geit?
art (O ag

e drith gpt?

Hritt gpit?
AEitE ggitt )

';fj+1 Aeit2
e ) ij=123

drtt? grit!

~119~



International Journal of Multidisciplinary Research and Development

Thus the cells in the domain Xn whose edges are formed by the
vectors hx&i, i = 1,..., n, are approximately the same as those
obtained by mapping the uniform coordinate cells in the
computational domain En with the transformation x(&).
Consequently, the uniformly contracted parallelepiped spanned by
the tangential vectors x&i, i = 1,..., n, represents to a high order of
accuracy with respect to h the cell of the coordinate grid at the
corresponding point in Xn.
In particular, for the length li of the ith grid edge
We have

li = h|x&i | + O(h2).
The volume Vh (area in two dimensions) of the cell is expressed as
follows:

Vh =hnV + O(hn+1),
where V is the volume of the n-dimensional parallelepiped
determined by the tangential vectors x&i, i = 1,..., n.
The tangential vectors x&i, i = 1,..., n, are called the base covariant
vectors since they comprise a vector basis.
The sequence x&l,..., xEn of the tangential vectors has a right-
handed orientation if the Jacobian of the transformation x(&) is
positive.
Otherwise, the base vectors x&i have a left-handed orientation. The
operation of the dot product on these vectors produces elements of
the covariant metric tensor.
These elements generate the coefficients that appear in the
transformed governing equations that model the conservation-law
equations of mechanics. Besides this, the metric elements play a
primary role in studying and formulating various geometric
characteristics of the grid cells.
The elements of the covariant and contravariant metric tensors are
defined by the dot products of the base tangential and normal
vectors, respectively. These elements are suitable for describing the
internal features of the cells such as the lengths of the edges, the
areas of the faces, their volumes, and the angles between the edges
and the faces.
However, as they are derived from the first derivatives of the
coordinate transformation x(§), the direct use of the metric
elements is not sufficient for the description of the dynamic
features of the grid (e.g. curvature), which reflect changes between
adjacent cells. This is because the formulation of these grid features
relies not only on the first derivatives but also on the second
derivatives of x(&§). Therefore there is a need to study relations
connected with the second derivatives of the coordinate
parametrizations.
This presents some notations and formulas which are concerned
with the second derivatives of the components of the coordinate
transformations. These notations and relations will be used to
describe the curvature and eccentricity of the coordinate lines and
to formulate some equations of mechanics in new independent
variables.

Significance of the Study

The edge of a grid cell in the &i direction can be represented with
high accuracy by the base vector x&i contracted by the factor h,
which represents the step size of a uniform grid in Zn. Therefore
the local change of the edge in the & direction is characterized by
the derivative of x&i with respect to &j, i.e. by x&i&j.

Since the second derivatives may be used to formulate quantitative
measures of the grid, we describe these vectors x&i§j through the
base tangential and normal vectors using certain three-index
quantities known as Christoffel symbols.

The Christoffel symbols are commonly used in formulating
measures of the mutual interaction of the cells and in formulas for

differential equations.

Let us denote by I'k ij the kth contravariant component of the
vector x&igj in the base tangential vectors x&k, kK = 1,..., n. The
superscript k in this designation relates to the base vector x&k and
the subscript ij corresponds to the mixed derivative with respect to

&l and &j.
Thus
-k .
Tgigi = e, 4,7k=1,..., n
and consequently
fia o OTF
— =1 . fkmop=1..... mn.
deigek  kigemt I

The examples of gas-dynamics equations described above, which
include the terms wi, allow one to obtain the equations in Lagrange
coordinates by substituting ui for wi in the written-out equations in
accordance with the relation.

In such a manner, we obtain the equation of mass conservation, for
example, in the Lagrangian coordinates &1,...,En as

Jp
ar

JF

B a T
—(J — | Jgkie =J8, jk=1..., .
5 \JPo) Hfi( g rfjfﬂ) I "

and

9 1 . 9 o
:F .Ip(c + 5,@,,,5.5'"#)] + JF(.JW;;;M,,,R; T, jmk=123

Many of the basic formulations of vector calculus and tensor
analysis may be found in the books by Kochin (1951), Sokolnik off
(1964) and Gurtin (1981). The formulation of general metric and
tensor concepts specifically aimed at grid generation was originally
performed by Eiseman (1980) and Warsi (1981). Very important
applications of the most general tensor relations to the formulation
of unsteady equations in curvilinear coordinates in a strong
conservative form were presented by Vinokur (1974).

i gkm OE OEF - _
A= Tk T i.jmn=1.... mn,
P
_:._(jJ'ﬁ C oy
ki = PR i.j.kl=1..... .,
Fop =
F =F el i.j=1,....n
. agi axd get .
Tr=-—=—-—, ij=1...n
ot or oz
For I:;’ we obtain
EE:” — AW
i o0 O o 05 o 01—
Ay = A W-'-- m= -A7T, i=1,.... (
E:,” = jl“ — AM, i=1,..., m
A =A% A A+ A7, ij=1,....n
Analogously, for T:_J we ohtain
Ty, =0, k=01 n
—i o

w0 =, + @], ilm=1,....n,

[s
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and for F,
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