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A brief introduction about the partition theory
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Abstract

In this paper, we introduce Partition theory and 1974 CONJECTURE 1 OF ANDREWS on two three-
parameter partition functions Ax ka(n) and Baka(n). Conjecture 1 for k = a+1 and show that it is false for
k >a+2.

Further, we explain an introduction of Schur's 1926 theorem on partitions. We also introduce 1974
CONJECTURE 2 OF ANDREWS on partitions.

Further, we state Bressound’s conjecture, which states that two sets of partitions under certain
constraints are equinumerous. The validity of the conjecture in the first two cases implies exactly the
partition-theoretical interpretation for the Rogers-Ramanujan identities.

Keywords: partition theory, Axk.a(n), Bxka(n)

An Introduction Mathematical theory of Partitions

Partition theory is a fundamental area of number theory. It is concerned with the number of
ways that a whole number can be partitioned into whole number parts.

Take a positive integer number, say 5 and write it as a sum of smaller or equal positive
integers:

5=5 We therefore have
=4+1 7 «ordered» partitions of
=3+2 the number 5
=3+1+1 Ordered means that we
=242+1 always start with the
=2+1+1+1 biggest number, e.g.

=1+1+1+1+1 we do not count 4+1 and 1+4 as two different Partitions

In other words,
for example 5 can be partitioned in 7 ways thus: 11111, 2111, 221, 311, 32, 41, 5.
The permutations of these 7 partitions add up to 16 thus:

11111 =1 permutation
2111 =4 permutations

221 =1 permutation
311 =3 permutations
32 =2 permutations
41 =2 permutations

5 = 3permutation

A partition is a way of writing an integer n as a sum of positive integers where the order of

the parts is not significant.

= Each of the sums is a partition of 5. The partition 4+1 is a partition of 5 into two distinct
parts. Moreover, this partition has length 2, since it has two parts.

= Partitions can be represented by using diagrams which are called Ferrer’s diagrams for
example for the number 4:
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4=3+1 =2+2 =2+1+41 =1+1+1+1
1+1+1+1=2+1+1=2+2 =3+1 =4
= However, there are other ways of studying partitions and one of them is to use generating functions.
= Ingeneral, a generating function for a sequence of numbers ao, a1, ay, .... is defined as:

G(x) = Z:):Oxkak

= For example, the generating function of non-negative integer numbers {0,1,2...} is

A k_ _X
G, (x) = Zk:o kx* = Ao

= The last equality follows by using Taylor’s expansion

= Euler discovered that one could define generating functions for the number of partitions of a positive integer.

= Itis possible to use generating functions in order to prove some identities between partitions. for example one can show the so-
called Euler’s parity law: the number of partitions of a number n into distinct parts equals the number of partitions of the same
number into odd parts.

If we take the set A to be the set of all positive integers, with the aj's unrestricted, where repetitions are allowed, we have the

standard definition for a partition of a positive integer.

A partition of a non-negative integer n is a representation of n as a sum of positive integers, called summands or parts. We will

denote the total number of partitions of n by P(n). P(O) is defined to be 1. G. W. Liebnitz (1646 - 1716) was among the first

mathematicians who paid attention in the development stages in this area of mathematics (Griffin, 1954), but the greatest

contributions in the early stages of partition theory were due to L. Euler (1707-1783) (according to Andrews, 1971). Over the

centuries a great number of mathematicians had devoted their time in a searchfor new identities in partition theory and to find a

formula for P(n).Further developments in partition theory in the early 20" century were due to G. H. Hardy (1877 - 1947) and S.

2n
Ramanujan (1887 -1920), and in 1917 they showed that P(n) is asymptotic to ﬁe”\/; ( Cohen,1978).

After that we study of two three-parameter functions Ax xa(n) and Bs.ka(n) which functions are defined as bellow:

Definition
For an even integer A, we denote As.ka(n) the number of partitions of n into parts such that no part # 0 ( mod A+1) may be repeated
and no partis =0,+ (2a— A)%O\ + 1)[mod (2k - A+1) (A + 1) ]. If X is an odd integer, we denote by As ka(n) the number of

partitions of n into parts such that no part ~ #0 [ mod é (A + 1) ] may be repeated, no part is = A+1 [mod (2A+2)] and no part is =
0,+ (2a—x)§(x+ 1)

The generatinfunctionfor As. ka (n) is given by

14 30 Apna@ Q" =TI2,(1 + Q)(1 + QA+D)~1 (1 — QA+D)~1
X[1 - Q(Zk—}\+1)(?\+1)j—(a—%)(?ﬁl)]

X[1 — Q(zk—x+1)(x+1)(j—1)+(a—§)(x+1)]
X [1 _ Q(Zk—l+1)(7\+1)j]
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Definition
For an integer A, we denote Ba a(n) the number of partitions of type bi+- - -+bs with b= P po parts # O(mod # +1) is repeated,

bi=Pis = A1 with strict inequality if (A+1) / biand finally if fj denotes the number of appearances of j in the partition, then

Amjt1 g .
Zizj-“lf] <a-—j

f

for1<j< %(7\ +1Dand it a=@-Tywhere T s the number of appearances of j in the partition. The Computer Andrews

suggest
Conjecture 1
A
For ESaS k<A,

nC _ (k+A-a+1)(k+ A-a)
2

Let + (k=A+ 1)(A+ 1). Then

Bixa(n) = Arka(n) for 0 <n<n°
and Bixa(n) = Avka(n) +1 forn=n°c,

Which is true for k =a + 1 and it is false fork>a + 2.
We get a different combinatorial proof of a particular case of the following generalized version of Schur's theorem.

m

Schur's theorem

Given positive integers r and m such that *“= let ©-= ") denote the number of partitions of n into distinct parts = =" (M°d M) anq

let ™ denote the number of partitions of n into distinct parts = *7(M9d ™) \yith minimal difference m, minimal difference

2m between multiples of m. Then €+ (" = P (M for ay1 .,
In 1974, Andrews conjectured the following Conjecture:

Conjecture 2

foralln 2 0, We have
Asz3(n) = B%33(n)
where  B%_33(n) is the number of partitions enumerated by with the B4,33 (n) added conditions
fsjro 5503 < 1 for j >0,
fsj+a +f5546 < 1 fOr j > 0,
fsj—1 +T5j +fsj4s +T5506 < 3 for j> 1,
where, as before,f; denotes the number of appearances of j in the partition.
G.E. Andrews, C. Bessenrodt and J.B.Olsson have proved conjecture 2 analytically. In Bressound’s conjecture, which states that
two sets of partitions under certain constraints are equinumerous.
Theorem (Conjectured by D. M. Bressoud).
For any n > 0, we have Aa b (N) =Ba, n(N).
In a quite different direction, using sieve methods, Andrews connected yet another set of partitions to the above mentioned
families, and Bressoud® extended this work to all moduli. For any positive integer a > b with a + b > 5, let Qap(n) denote the

number of partitions of n with all the successive ranks bounded in [- b + 2, a - 2]. Then we have the following Andrews-Bressoud
Successive Rank theorem.
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Theorem For any n > 0, we have

Aa,b(N) = Qa,b(N).
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