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Abstract 
The ternary homogeneous quadratic equation given by 

222 2y-11x9z  representing a cone 
is analyzed for its non-zero distinct integer solutions. A few interesting relations between the 
solutions and special polygonal and pyramided numbers are presented. Also, given a solution, 
formulas for generating a sequence of solutions based on the given solutions are presented. 
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1. Introduction 

Notations Used: 
1. Polygonal number of rank ‘n’ with sides m  
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2. Stella octangular number of  rank ‘n’ 

a. )1n2(nSO 2
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3. Pyramidal number of rank ‘n’ sides m  
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4. Pronic number of rank ‘n’  

  
)1(Pr  nnn  

5. Octahedral number of rank ‘n’ 

)]12([
3

1 2  nnOH n
 

 
Introduction: 
The Diophantine equations offer an unlimited field for research due to their variety [1-3].In 
particular, one may refer [4-24] for quadratic equations with three unknowns. This 

communication concerns with yet another interesting equation 
222 2y-11x9z 

representing non- homogeneous cubic equation with three unknowns for determining its 
infinitely many non-zero integral points. Also, a few interesting relations among the 
solutions are presented. 
 
Method of Analysis: 
The ternary quadratic Diophantine equation representing a cone under consideration is 

222 2y-11x9z          (1)       
To start with, it is seen that (1) is satisfied by the following non-zero integer triples (x, y, z): 

(27,45 , 21); (17, 35, 9);  (29, 45, 21); (2
2k +4k+11,  2

2k +22k+11,  2
2k -11); (22

2k

+4k+1,  22
2k +22k+1,  22

2k -1) 
As the considered equation is symmetric in  x,yand z , we have presented only positive 
integer  solutions for  clear understanding. 
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However, we have other choices of solution to (1) which 
are illustrated as below: 
 
Choice 1:       
Consider the linear transformations 
x = X + 2T     (2)                 
y = X +11T      
Substituting (2)in(1),we get  
X2  = z 2  + 22T2     (3) 
which is satisfied by 

T = 2pq, X = q 2 + 22 p 2 

z = 22p2 - q 2     (4) 
Substituting the values of X and T , we get the 
corresponding non-zero distinct integer solution to (1) 
given by 
x (p,q) = 22p2 + q2 + 4pq 

y (p,q)= 24p2 + 2q2 + 24pq        (5) 
along with (4) 

 
Properties: 
A few interesting Properties obtained as follows: 

 
2(23q)q))x(q,-q)23(y(q,   

 
26p)z(p,-p)x(p, p  

 
)6(mod0244t-1)pz(p,1)px(p, ,6p4,  pt

 

 0(mod2)q)z(p,q)x(p,   

 
40) (mod 0 56t  1)-p1,z(p-1)p1,-y(p1)p1,-x(p p 4, 

 
 
Choice 2: 
Rewrite (3) as 

222 T22z-X                   
(*Factorizing (*),weget   
 (X+z) (X-z) =(22T)T  
 which is expressed in the form of ratio as  

0  ,    =  
z-X

T
   

22T

zX








  (6) 
This is equivalent to the system of double equations, 

022-  TzX       
0z  TX       

Applying the method of cross multiplication and using (2), 
then the corresponding non-zero integer solution to (1) are 
obtained as 

x(  , ) = 
222 + 

2 + 4  

y (  , ) = 
222 + 

2 + 22     

z (  , ) = 
222 - 

2  
 
Properties: 
A few interesting Properties obtained as follows: 

 
26)),z(-),6(x(    

 
236)),(),2(x(   y  

 
322 )(6)),x(),12(y(    

 18) (mod 0 ),x(),y(    

  4,21t),( z
 

 
Remark: 
In addition to (6), (3) may also be expressed in the form of 
ratios in following different ways that are presented below: 
 
Way 1: 

    =  
z-X

T22
    

T

zX







 
Way 2: 

    =  
z-X

T11
    

2T

zX







 

Way 3: 

    =  
z-X

T2
    

11T

zX







 
Solving each of the above system of equation by  following 
the  procedure as presented in choice 2, the corresponding 
integer solution to (1) are found to be as given below 
 
Solution for way 1: 

 x(  , ) = 
222 + 

2 + 4  

y (  , ) = 
2 + 

222 + 22     

z (  , ) = 
222 - 

2  
 
Solution for way 2: 

x (  , ) = 
22

211 4  

y (  , ) = 
22

211  22    

z (  , ) = 
22  

211  
 
Solution for way 3: 

x (  , ) = 
211

22 4  

y (  , ) = 
211

22  22    

z (  , ) = 
211  

22  
 
Choice 3: 
 (3) can be written as  

1*T22z 2222 XX                                                        
Assume         

X(a,b) = 
2a + 

222b                                          
  ( 8)          
Write 1 as 

1 =  
219

)2243)(2243( ii 

   (9) 
Using (8) & (9) in (7) and applying the method of 
factorization define  
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19

)2243(
*)22()22( 2 i

biaTiz



 

Equating the real and  imaginary parts and replacing a by 
19A and b by 19B,we have 

22 1254334457 BABAz     (10) 
22 167211476 BABAT              (11) 

From (8), (10), (11) & (2) we have 

22 4598228513),( BABABAx   
22 1045012541197),( BABABAy                            

22 1254334457),( BABABAz   
which represent  the non- zero distinct integer solutions  to 
(1) 
 

 
Properties: 
A few interesting Properties obtained as follows: 

 nsotnny 6897013083)1),12(()1),121z(n(2n 1,3
22 

 

 
32 41382013083))1(),2(()1)n(n2),21z((n nr ppnnny n 
 

 nn cptnnxn ,6
2
,2

22 2986815884),(),9z(n 
 

 2,6n2, 174829868ct1,1))x(n(n-1,1))9z(n(n cp
 

 
2

2,1 )19(6836t-7x-3y(1,1) 
 

Note that, instead of (9), one may also write 1 as 

1=
219

)2243)(2243( ii 

For this choice, the corresponding integer solutions, to (1) 
are given by  

22 4598228316),( BABABAx   
22 B10450AB1254A1152)B,A(y   

22 1254334457),( BABABAz   
 
Choice 4:  
Instead of (9), one may consider 1 as   

1 =
213

)2229)(2229( ii 

   (12)  
Using (12), (8) in (7) and applying the method factorization 
,define 

13

)2229(
*)22()22( 2 i

biaTiz



  

Equating the real and imaginary parts and replacing a by 
19A and b by 19B, we have 

22 25741114117 BABAz       (13) 
22 57223426 BABAT                                   (14)          

From (8), (13),(14)&(2) we have 
22 7828468413),( BABABAx   

22 16502574647),( BABABAy   
22 2574114117),( BABABAz   

 

 
Properties 

 
)2903(mod05806),( ,5  AtAAx

 

 
nn ptnnnx 5

,4 4661630)),1(( 
 

  nnn prprcsprzpry
n

266883624106),1(),1( 2

2


 

nstnnznnynnx ,01,3
222 23341630)1),12((2)1),12(()1),12(( 

 

  nHcsnnznnynnx 23340326)1),12((2)1),12(()1),12(( 2
222 

 
 
Note that, instead of (12), one may also  write 1 as 

  1=
213

)2229)(2229( ii 

 
For this choice the corresponding integer solution to (1) are 
given by  

ABBABAx 4686798368),( 22   
22 B1650AB2574A6020)B,A(y     

22 25741144117),( BABABAz   
 
Choice 5: 
Consider (*) as the  system of  double equation 

2TzX         (15) 
22 zX   

Solving  the above two equations ,we obtain    

2

22T
X

2 


        

2

22T
z

2 


    
Since our interest is on finding integer solutions ,it is noted 
that the values of X & z are integers when  T is even  
In otherwords, choosing T=2K the corresponding non zero 
integer solutions to (1) are  

1142kx 2  k  
11222ky 2  k    
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112kz 2      
 

Note: 
Also (*) can be written in the system of equations as 

1) T11zX   
     T2zX    

2) 
2TzX    

     22zX    

3) 
2T11zX   

     2zX   
Applying the procedure presented above one may obtain 
the integer solutions to (1) 
 
Remarkable observations: 

Let ),,( 000 zyx  be any given integer solution to (1) 
 
Case (i): 

   Let          01 9 xhx   

                   hyy  01 9          0h                 (16)                                    

                    01 9zz 
 

be the second solutions of (1). Substituting (17) in (1) & 
performing a few calculations, we’ve 

                00 422 yxh 
  and then 

                001 413 yxx 
 

                001 1322 yxy 
 

This is written in the form of matrix as 

           


















0

0

1

1

y

x

y

x
M

                                                                      
where 











1322

413
M

                                                            (17) 
Repeating the above process, the general solution 
 nn y,x to (1) is given by 
 



















0

0

n

n

y

x

y

x nM
     (18) 

To find
nM , the Eigen values of M are 1,1   .  

It is well-known that 

)-(
-

)-(
-

IMIMM
nn

n 








 

 
Using the above formula, we have 

















nnnn

nnn
nM

)8813(88)8813(88)8813(22)8813(22

)8813(44)8813()8813(88)8813(88

882

1

    

Thus the general solution  nnn z,y,x  to (1) is given  









 00n ]y)8813(44)8813[(])8813(88)8813(88[

882

1
x nnnn x

 

 00n y])8813(88)8813(88[])8813(22)8813(22[
882

1
y nnnn x 

0n z9z n
 

 
Case (ii): 

Let   1x = 0x-h
 

               1y = 0y
 , 0 h    

  1z = 0z
+ h  

Repeating the process as in the case (i), the corresponding 

 

general solution  nnn z,y,x  to (1) is given by 

 00n ]y)9910(9)9910(9[])9910(99)9910(99[
992

1
x nnnn x 

0ny y
 

 00n ]y)9910(99)9910(99[])9910(11)9910(11[
992

1
z nnnn x   

 
Case (iii): 

Let   1x =11 0x
 

  1y = 11 0y
-h  0 h   

  1z = 11 0z
+ h   

Repeating the process as in the case (i), the corresponding 

general solution  nnn z,y,x  to (1) is given by 

  0n )11(x xn
 

]}))11(18)11(18[])11(4)11(18{[
22

1
y 00n zy nnnn 

]}])11(18)11(4[])11(4)11(4{[
22

1
z 00n zy nnnn 

 
Conclusion: 
In this paper, we have obtained infinitely many non-zero 
distinct integer solutions to the ternary quadratic 
Diophantine equation represented by 

222 2y-11x9z   

As quadratic equations are rich in variety, one may search 
for their choices of quadratic equation with variables 
greater than or equal to 3 and determine their Properties 
through special numbers. 
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