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Abstract

The ternary homogeneous quadratic equation given by 9z * = 11x * - 2y ’ representing a cone
is analyzed for its non-zero distinct integer solutions. A few interesting relations between the
solutions and special polygonal and pyramided numbers are presented. Also, given a solution,
formulas for generating a sequence of solutions based on the given solutions are presented.
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1. Introduction
Notations Used:
1. Polygonal number of rank ‘n’ with sides m
(i = 1 OB =2))
a ’ 2
2. Stella octangular number of rank ‘n’
a SO, =n(2n?-1
3. Pyramidal number of rank ‘n’ sides m
pr N+ i oyn s (5-m)]
a. 6
4. Pronic number of rank ‘n’

Pr. =n(n+1)
5. Octahedral number of rank ‘n’
OH , = %[n(Zn2 +1)]

Introduction:
The Diophantine equations offer an unlimited field for research due to their variety [1-3].In
particular, one may refer [4-24] for quadratic equations with three unknowns. This

ot ; ; ; i 927 =11x 2 -2y
communication concerns with yet another interesting equation y
representing non- homogeneous cubic equation with three unknowns for determining its
infinitely many non-zero integral points. Also, a few interesting relations among the
solutions are presented.

Method of Analysis:
The ternary quadratic Diophantine equation representing a cone under consideration is

9z =11x % - 2y*? W
To start with, it is seen that (1) is satisfied by the following non-zero integer triples (X, y, z):
(27,45 , 21); (17, 35, 9); (29, 45, 21); (2 k? +4k+11, 2k2+22k+11, 2k2-11); (22 k?

2 2
+ak+1, 22K +22k+1, 22K 1)
As the considered equation is symmetric in x,yand z , we have presented only positive
integer solutions for clear understanding.
~215~
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However, we have other choices of solution to (1) which
are illustrated as below:

Choice 1:

Consider the linear transformations
X=X+2T

y =X +11T

Substituting (2)in(1),we get

X2 =72 +22T?

which is satisfied by

()
)

Properties:
A few interesting Properties obtained as follows:

23(y(a, a) - x(q, 9)) = (23q) *
x(p, p) -z(p, p) =6p°
X(p,p+1)+2z(p,p+1)-44t,, - 2t; , =0(mod6)

X(p, ) +2(p, ) = 0(mod2)

e

%

X3

%

e

%

KD
£

Choice 2:
Rewrite (3) as
X2 .72 = 2272

(*Factorizing (*),weget
(X+2) (X-2) =(22T)T
which is expressed in the form of ratio as
X+1z T a
=—— == ,B=0

22T X-z B ©6)
This is equivalent to the system of double equations,
XB+z28-22al =0
az—-Xa+pT =0
Applying the method of cross multiplication and using (2),
then the corresponding non-zero integer solution to (1) are
obtained as

X(“’ﬂ): 22a2+ ﬂ2+4aﬂ
y(a’ﬁ): 22a2+ ﬂ2+22aﬂ
(B 22a7 B

Properties:
A few interesting Properties obtained as follows:

6(x( B,B)-2(B,B)) =6p°
2X(a,a) - y(a,a)) = -36a°
12(y(a,a®) +x(a,a?)) = (6a)®
y(a, )+ x(a, ) =0 (mod 18)
2(a,a) =21t ,,

X3

%

2

%

X3

%

X3

%

>

0.0

Remark:
In addition to (6), (3) may also be expressed in the form of
ratios in following different ways that are presented below:

Way 1:

X+z 22T _«a
T -z B

Way 2:

X+z UT _a
2T -z P

~216~

T=2pg, X=q? +22p?

2=22p*-q° @)
Substituting the values of X and T , we get the
corresponding non-zero distinct integer solution to (1)
given by

X (p,g) = 22p® + ¢* + 4pq
y (p,0)= 24p° + 2% + 24pq
along with (4)

®)

XP-1,p+1)+y(p-1,p+1)-z(p +1,p-1) - 56t, , =0 (mod 40)

Way 3:
X+1z

2T _«

11T X-z B
Solving each of the above system of equation by following
the procedure as presented in choice 2, the corresponding
integer solution to (1) are found to be as given below

Solution for way 1:

(@ By= 228", o, 4ob
y(a,ﬁ): a2+ 22ﬂ2+220[ﬁ
(% Py= 220 P

Solution for way 2:

W (@B = — 20> ~11B° —4ap

y (@B = —20% —11B% —22ap8
(@ By —2a° +115°

Solution for way 3:

X(aaﬁ): ~11a? _Zﬂz —4dap
y(a,ﬁ): —11la® - Zﬂz —22a3
(&P = ~11a® +25°

Choice 3:
(3) can be written as
22 +22T? =X2=X?%*1
Assume
X(a,b) = a2 + 22b2
(8)
Write 1 as
(3+i4+/22)(3-14,/22)
1= 19* ©)
Using (8) & (9) in (7) and applying the method of
factorization define
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(z +iv22T) = (Mi@m“%

Equating the real and imaginary parts and replacing a by
19A and b by 19B,we have

7 =57A? — 3344 AB —1254B°

T =76A*+114AB - 1672B*
From (8), (10), (11) & (2) we have

(10)
(11)

Properties:
A few interesting Properties obtained as follows:

212(n(2h-1)) - y(n(2n* ~1),1) =13088,, +689780,

9z(n?,n) —x(n* n) =15884t;,, +29868cp;,

9z(n(n +1,1)) - x(n(n +1,1)) = 29868ct, , —1748¢cp, ,

- 3y(1,1)-7x-836t,, = 6(19)

I(lote that, instead of (9), one may also write 1 as
(-3+i4+/22)(-3-4,/22)

1= 19?

For this choice, the corresponding integer solutions, to (1)
are given by

x(A, B) = 316A2 — 228AB + 4598B>
y(A,B) =1152A% —1254AB —10450B2
Z(A, B) = —-57A? — 3344 AB +1254B>

Choice 4:
Instead of (9), one may consider 1 as

(9 +i2+/22)(9 — 12+/22)

1= 13° (12)
Using (12), (8) in (7) and applying the method factorization
,define

Properties
X(A, A) - 2806t; , = 0(mod 2903)

x(n(n +1),n) = 1630t, , — 466 p°
y(@ pr )—z(1 pr,) =106cs_ + 3624 pr?, + 26688 pr,

7
0‘0

R/

*

R/
0.0

X(A, B) =513A% + 228AB — 4598B°>
y(A B) =1197A? +1254AB —10450B°

z(A B) =57A% —3344AB —1254B°
which represent the non- zero distinct integer solutions to

o)

. 21z((n+2),n(n+1)) - y((n +2),n(n +1)) =13083p?; + 413820pn3

(z+in/22T) = (a +iv/22b)’ *%

Equating the real and imaginary parts and replacing a by
19A and b by 19B, we have

7=117A* ~1114AB — 2574B*

T =26A% +234AB —572B°

From (8), (13),(14)&(2) we have

x(A,B) = 413 A” + 468 AB + 7828 B?
y(A,B) = 647 A% + 2574 AB + 1650 B2
z(A,B) =117 A* —114 AB — 2574 B*?

(13)
(14)

x(n(2n® -1),1) - y(n(2n® -1),1) + 2z(n(2n* - 1),1) =1630t,, — 2334s,,,

®,
0.0

Note that, instead of (12), one may also write 1 as
(-9 +i2+/22)(-9 - i2,/22)
1= 13?

For this choice the corresponding integer solution to (1) are
given by

X(A, B) = 368A° + 6798B* — 468AB

y(A, B) = 6020A? — 2574AB +1650B2
z(A B) =-117A? —1144AB — 2574B?

Choice 5:
Consider (*) as the system of double equation

~217~

x(n(2n® +1),1) — y(n(2n* +1),1) + 2z(n(2n* +1),1) = 326¢s, — 23340H

X+z=T°
X—-2=22
Solving the above two equations ,we obtain
T%+22
2
T2 -22
2
Since our interest is on finding integer solutions ,it is noted
that the values of X & z are integers when T is even
In otherwords, choosing T=2K the corresponding non zero
integer solutions to (1) are

X = 2k? + 4k +11
y =2k? + 22k +11

(15)

X =

Z=




International Journal of Multidisciplinary Research and Development

z=2k*>-11

Note:
Also (*) can be written in the system of equations as
1) X+z=11T
X—-z=2T
2) X+z= T?
X—-2=22
3) X +2z =11T?
X-z2=2

Applying the procedure presented above one may obtain
the integer solutions to (1)

Remarkable observations:
Let (Xo+Yo:20) pe any given integer solution to (1)

Case (i):
Let X, =h—9x,
y1:9yo+h h=0 (16)
z, =9z,

be the second solutions of (1). Substituting (17) in (1) &
performing a few calculations, we’ve

Using the above formula, we have

T 2488

h= 22X° + 4y° and then
X, =13x, + 4y,

Yy, = 22X, +13y,
This is written in the form of matrix as

)-m()

where

13 4
M =
(22 13}

(17
Repeating the above process, the general solution
(X ntYn )to (1) is given by
y n y 0 (18)

TofindM ", the Eigen values of Mare @ =1. 8 =1,

It is well-known that
n n
M=% (M -p)+- 2
a-p p-a

(M -al)

v 1 {\/@(13“/@)"+\/§(13—\/ﬁ)”(13+\/§)"4—4(13—\/ﬁ) J

Thus the general solution (Xﬂ ' yn’zn) to (1) is given

22 (13 + /88 )" — 22 (13 + /88 )"~/88 (13 + /88 )" + /88 (13 — /88 )"

X, = {ﬁ[@(m J/88)" + /88 (13 — v/88)" ], +[(13+@)"4—4(13—@)”1yo}

N

P
" 2488
Case (ii):
Let X, - =X
Y1- Yo h=0

general solution (X0 ¥n:20) 1o (1) is given by

X = ﬁ[{@(m ++/99)" + /99 (10 — 1/99)"]x, + [9(10 + +/99)" — 9(10 —\/@)”]yo]y

[22(13 +88)" —22(13 + /88" ], + [B8 (13 + vB8)" + BB (13 - V88)"ly, |, _ gn,
n 0

Zl = z 0+ h
Repeating the process as in the case (i), the corresponding

n = Yo

z, = ﬁ[[ll(lo ++/99)" —11(10 — /99)"]x, + [v/99 (10 + +/99)" + /99 (10 — \/@)“]yo]

Case (iii):

Let X1 =11 %o
Yi- 11y0 -h h=0
Zi-11%04h

Repeating the process as in the case (i), the corresponding

general solution (Xn YniZa) 1o (1) is given by
X, =[11)"x,

~218~

Vo = o 118" + 4(-11)"Ty, + [18(11)" ~ 18(-11)")z, ]}

z, = %{[4(11)" —4(-11)"1y, + [4(11)" +18(~11)"]z,]}

Conclusion:

In this paper, we have obtained infinitely many non-zero
distinct integer solutions to the ternary quadratic
Diophantine equation represented by

922 =11x *-2y*

As quadratic equations are rich in variety, one may search
for their choices of quadratic equation with variables
greater than or equal to 3 and determine their Properties
through special numbers.
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