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Abstract

Some chemical indices have been invented in theoretical chemistry, such as geometric-arithmetic
index and Zagreb index. In this paper, we determine these indices of certain r-crown molecular
graphs.
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1. Introduction

Geometric-arithmetic index, Randic index and other chemical indices are introduced to
reflect certain structural features of organic molecules (See Yan et al., [1], Gao et al., [2],
Gao and Shi [3], Gao and Wang [4], Xi and Gao [5-6], Xi et al., [7], Gao et al., [8] for more
detail).

Let e=uv be an edge of the molecular graph G. The number of edges of G whose distance to

the vertex U is smaller than the distance to the vertex Vv is denoted by m, (€)
m, (€) is the number of edges of G whose distance to the vertex Vv is smaller than the
distance to the vertex U. Note that edges equidistant to U and Vv are not counted. Zhou et al.,
[9] proposed a third class of geometric-arithmetic index:

3 24/m,(e)m,(e)
GA3(G):EE=UVEE(G) m,(e)+m,(e) .

Recently, Gao [10] raised new version of third geometric-arithmetic index (i.e., general
third geometric-arithmetic index):
2m,(e)m,(e)

‘ ()
GAG)_,. 2, (e) + m, (&) '
Azari and Iranmanesh [11] introduced generalized Zagreb index of molecular graph G stated
as:

My, (G)= 2 (d'dv):+du)=dmv)")

uveE (G)

. Analogously,

>

where i and t are arbitrary non-negative integers.
Very recently, Yan et al., [12] raised general version of harmonic index, the general
harmonic index of molecular graph G is given as:
2 K

()
H,(6)_ 2, G- dw)
where k is a real number. In what follows, we always assume K is a real number.
Gao and Wang [13] raised general second geometric-arithmetic index as:

2 n(n(v) .,
GAE(G):UVEZW( n(u) +n(v)

Hasani et al., [14] introduced Co-PI index as

Co-PI,(G)_,_ 2 [Mw-nw)

VEeE(G) )
> [Tw-Tw
It is proved that Co-PIL(G)_cavizt o) , where T(u) _Te(u)_
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D dg(u,v)

veV
Also, Gao and Wang [13] raised general Co-PI index as:

Co- PI&(G) _e=u\gE:(G)|n(U) - n(V)|

In this paper, we present the general third geometric-
arithmetic index, generalized Zagreb index, general
harmonic index, general second geometric-arithmetic index

(F) Ir(VVn)’ Ir(lfn) and

and general Co-PI index of '

LW,

2. General third geometric-arithmetic index

GA (I, (F))_

Theorem 1.
2\/(2n+nr r—4)r+1).,
)
2n+nr-3
2\/(2n+nr r-4)r+2).
)+
2n+nr—r -2
2J@2n+nr—2r=5)(r+2) ,
(n—4)( )
2n+nr—-r-3 +
2,/(r+1)2r+3) Z/(2r+2)(2r+ 3
X ) +2 ) +(n-5)
r+4
/ _
r(n+1)(2 2n+r+nr 2)k
¥ 2n+r+nr-1 )
Proof. Let Py=V V,...V, and the r hanging vertices of v; be
1 2 r
Vi , V' . Vi (1=i=n). Let v be a vertex in F, beside Py,
and the r hanging vertices of V be vV e Vr

Using the definition of general thlrd geometrlc -arithmetic
index, we have

2Jm, (WHm, (W)

m, (W')+m, (w")

>

GA(1,(F,)) _
0, 2,/m,(W)m, (W)
Z( )
i ”L(W)HTL(W.)
S ZW VoM, (W)
L= m/( |+1)+m/( |+l)

i+l +
2,fm, (uuhm, ()

m, (wv/)+m, (V)

n r

22 (

=1 j=l

2\/2n+r+nr 2J@n+nr—r—4)(r+1y.,
5 ) (&
= n+r+nr-1 ° 4 2n+nr-3
+2(2\/(2n+nr—2r—4)(r+2))k+
2n+nr—r-2
(-4 (2\/(2n+nr—2r—5)(r+2))k)
2n+nr—r-3 +
(2(2 (r;l)(2r+3))k+2(2\/(2r+2)(2r+3))k
r+4 4r+5
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2/2r+3)2r+3).,
L5yl r:rj%” )y
+

242n+r+nr-2,
nr(

n+r+nr—1 ~ 0

) 2(2\/2n—4)k
Corollary 1. GA (F,) _ 2n-3

+2(./(2n—4)(r+2) ¥ (n 4)(2./2(2n -3) N

n—1 2n-3 4
3

2 )+2(\/7

) +(n- 5)

Theorem 2. GA;(IY(W" ) =

2J(r+2)@2n+nr-2r-5) ,
n( 5 )
n+nr—r-3

2/2n+ r+nr—1)k

2n+r+nr

+Ny

r(n+1)(

1 2 r

Proof. Let Ci=VV,...Vy, and Vi , Vi yenes Vi be the r hanging

vertices of Vi (1 <i Sn). Let v be a vertex in W, beside Cp,

vV ~ -
and V , vV ...,V Dbe the r hanging vertices of v.
In view of the definition of general third geometric-
arithmetic index, we infer

o2 m,whHm, (w') |
3 Gdmim,

S m,(wWH+m,(w)

GA}k(Ir(Wn)):

$ Mm@

i=1 n\/(W)+”\/(W|)
n 2/m, (W )m, (W)

i+

i=l m/( |+1)+m/ (V|V|+1)

i+ -
) \/m (vvHm, (vv)
m, (V.v.j)+ m '(Vivij)

2\/2n+r+nr 1 X

- 2n+r+nr +

(2‘/(2r +3)(2r +3) N

2J(r+2)2n+nr-2r-5) ,
n( )
2n+nr—r-3 +

4r+6
nr(2\/2n+r+nr—1)k
+ 2n+r+nr
[
2J2(2n-5)
k n———>)
Corollary 2. GA W) _ 2n-3 " 4n
’ -
Theorem 3. GA (I, (F)) _
2J@r+12nr+3n-2r-5)
2 )
2nr+3n—-4
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2{(3r+2)2nr +3n-3r-7)

Hon=ax 2nr+3n-5 ’,
nr (2\/3n+2nr—3)k

3n+2nr-2
Proof. Let Pn=viVs...V, and Viieibe the adding vertex
between Vi and Vi, Let V V e vy be the r hanging
vertices of vi (1=i<n). Let Vi]’i“, ii“,..., Vir’i” be the r

. . Vi . .
hanging vertices of ! (1=i=n-1). Let v be a vertex in

L2
Fn beside Pp, and the r hanging vertices of v be viove o,
V'

By virtue of the definition of general third geometric-
arithmetic index, we yield

ro2,/m,(whm  (w')
5 Zmhm,
m, (vw')+m ()

i=1

GAS(1,(F,))_
n 2\/mv(VVi)m\,i (W) K

m, (vv;) +m, (Vv;)

i=1
L 2\/ m, (Vivij)mvij (ViViJ) v

=l j=1 mv (Vivij)+ mvj (Vivij)

S 2\/m (VIVI |+1)rn ( i |'+1)

Vijisl

m, (VVI |+1)+m (V|V| |+1)

n-1 2\/m”+]( ii+l |+1)m .+1( i,i+1 |+1)

(VI |+1V|+1) + m (VI |+1V|+1)

i=l

i=1

| i+l

n-1 r 2\/ Vit |I+1VJ )m ( i+l |J|+])
)
i=1 J: ||+1 (VI H—lvlJ )+m (Vl i+l |J|+l)
=  3n+2nr-2
(2(2\/(2r+1)(2nr+3n—2r—5))k
2nr+3n-4
2@Br+2)(2nr+3n-3r-7)
+Hn-2) J ))
2nr+3n-5 +
nr(w k
3n+2nr-2
2{3r+2)2nr -3r+3n-7)
(n—1)( )
n 2nr+3n->5 +
2@r+2)2nr -3r+3n-7)
(n—1)( )
2nr+3n-5
243n+2nr-3 .,
n-Hr(——)
" n+2nr-2
U

~ 458 ~

=
Corollary 3. GA(F) =

24 an gy RO T

3n— 3n-5 )
GA/(I,(W,)) _

Theorem 4,
2\(3r+2)2nr+3n-2r->5) ,
2nr+3n+r-3

J _
r(2n+1)(2 2nr+3n+r 1)k

+ 2nr +3n+r .
Proof. Let Ci=ViV>...V, and Vv be a vertex in W, beside C,

3n( )¢

Vi, ) Vo2
b*1 Tbe the adding vertex between Vi and iy Let V | V|
1 2 r

r . . .
oV bether hanging vertices of vand ', ' ,..., Vi be
Vv

1,n

. Vv
the r hanging vertices of vi (15iSn). Let ™™= and

1 2 r
vV v ) ' V..
il DT BT be the r hanging vertices of ! (1

<i<n).
In view of the definition of general third geometric-
arithmetic index, we deduce

Z“: (2\/ m, (w")m, (Wi))k

GAX(1,(W,)) =" m, (W) +m, (w')
Z(”L(V\/i)Jr”Li(Wi))

0 r 2\/mvi(vivi")mvij DN
= jzl(mvi (Vivij)+mvij wv)

n 2\/mVi ViV Om, (V)

m, (V;Vi i, RUAAM)
n 2\/m”] ViiaVie)M,, (Vi Vi)

(VI I+1VI+1) + m (VI |+1VI+1)

||+1 J )

i+l

(||+1 J ))

i+l

Vil

i=1 )+m

i:l
+

| i+l

. 2Jm,<v..ﬂv' m, (v
>

i=1

(VI |+1VJ )+ m

| |+]

242nr+3n+r—1,
r(
= 2nr+3n+r +
2{@3r+2)2nr +3n-2r-5) ,
n( )
2nr+3n+r-3 +
242nr +3n+r-1
r( )
2nr+3n+r
2{(3r +2)(2nr +3n-2r-35) ,
n( )
T 2nr+3n+r-3 T
2{(3r+2)(2nr +3n-2r-35) ,
n( )
2nr+3n+r-3

J:

Vi i+l
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J _
nr(z 2nr+3n+r l)k

n 2nr+3n+r
[
2.23n-5) ,
GAL (W) " )
Corollary 4. n/= 3n-3 :

3. Generalized Zagreb Index
Theorem 5. Mir (T (F) _(r? —Ny
2r((r+n)" +(r+n)>)_ 2(N+1)"' 241" HN+1)"(2+1)")
HN=2)(N+1)" G+ +(N+0)>3+1)")
2nr((r+n)" +(r+n)%)_ 2r((r+2)" +(r+2)*)
HN=2)r((r+3)" +(r+3)") .0,

2(r+2)"" +2(n=2)((r +2)" (r +3)"
Hr+2)2(r+3)") #(n=2)(n=3)(r+3)"*
2r((r+2)" +(r+2)2)+(n=2)r((r +3)" +(r +3)) n
2(n=Dr((r+2)"
Hr+2)2)+(n=2)(n=Dr((r+3)" +(r+3)"

D+2r’n(n-1).
Proof. By the definition of generalized Zagreb index, we
have

M{r,s}(lr(Fn)):
S @ dv): +d)dv))

i=1 j=i+l +

z (dW)'dv)s +dW)=dv)*)

)+nr(r-

(W) d(v)" +d(W)=d(v)")
! +

M-z

M:

>, 2 (dW)"dv)* +dW)d(v)")

=l +

i(d(vmd(v")tz rdv)tdvi))

J’_

> HM:

Zzim WAV +d ) d v

i=1 j=I k=l +

S S (@dw) dev)) +d)d(y, "

i=1 j=i+l

> (d(v) )" +d(v) d(v)")

2

M-
M-

I
—
I
—_

S A ) +d ) dv))

jell,2,+n}—i k=1 +

M:

>

i=1

=1 [
—_

-1 r

z (d (Vij )'d (Vik )® +d (Vij )& d (Vlk ")

j=1 k=j+1 +

i 3 @A A+ dv)e )

t=1

—_
—

n— n

i=1 j=i+l k
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_(rP=n) 2r((r+n)" +(r+n)%)
2(N+0)"Q2+N2+(N+0)22+1)")+
N=2)(N+1)" B+ +(n+r)3B+n)")

.
20r((r+n)" +(r+n)*)_ 2r(r+2)" +(r+2)%)
HN=2)r((r+3)" +(r+3)") 5.0,

2(r+2)"" +2(n=2)(r+2)" (r+3)* +(r+2)*(r+3)"*)
+HN—=2)(n=3)(r+3)"*

2r((r+2)" +(r+2))+(n-2)r((r+3)" +(r+3)*),
2AN=1)r((r +2)"

Hr+2)2)+(n=2)(n=Dr((r+3)" +(r+3)%) o (r-
D+2r2n(n-1). 0

Corollary 5. Mirsy (F)

2(n"2% +n%2")+(n-2)(n"3% +n"3") |
5.9t 4 2(N—2)(203% +2831) +(n—2)(n—3)3""

Theorem 6. {”}(I W,) (r _r)+
2r((r+n)" +(r+n)%) , n(+0) G+0° +Hn+° G+
2nr((r+n)" +(r+n)*), nr((r+3)" +(r+3)"
n(N—=1)(r+3)"% , nr((r+3)" +(r+3)*)

t t
(n=Dnr((r+3)" +(r+3)*) +nr(r-1)+2r’n (n-1).

Proof. By the definition of generalized Zagreb index, we
have

My (1, W,))
S @ dv): +d) )

i=1 j=i+l +

-Zr:(d W) d(v) +d(v)=d(v)")

) anrs

J’_

> @) dw)® +dw)dy)")
i=1 +

>SS @) dv) +dwEdE)

= j=I n

> @w) dh +dv)Edv))

i=1 j=1 n
i Zr“ 2 (d (Vij )t1 d (Vk )tz +d (Vij )tz d (Vk)tl )

k=1 +

i=1 j=i+l +

1 j=I +

5 i(d(vi)‘ldw?)tz+d(vi)t2d(v?)")

i=l je{l,2,-n}—i k=1 T
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3503 @) ek +dw): ) > 3 @AW A +d)Edwh)
i=l j=I k=j+I + i=l j=1 +
PRI R AIEIAELIIRIS >3 AW A +d) A
i=1 j=i+l k=1 t=1 i=l j=1 k=1 +
(=0 20((r+m) +(r+n)) oA Gy PN
n(N+r"G+nN2+(n+r=23+r)") N g‘, (A" )"+ d ) ) )+
2nr((r+n)" +(r+n)=)_ nr((r+3)" +(r+3)") i 5 Z(d(v.)t'd(v Je ) dvy)
oz NO=Dr 3" nr((r+3)" +(r+3)%) =1 jefl.2. i kel +
(n=Dnr((r+3)" +(r+3)t2)+nr(r-1)+2r2n (n-1). Z“:i Zr: @A) d V)" +d(v)dv)")
l i=1 j=1 k=j+1 +
M i Qb bl _ 1t +, n-1 n r

Corollal’y 6. {r,s}(Wn) :n(n 3403 )~+ n(n 21)3 . Z z Z (d (Vik )tl d (VIJ )tz +d (Vik )I2 d(vtJ )tl)
Theorem - Mo (L(F)) _(r -r), i=1 j=i+l k=1 t n
2r((r+n)" +(r+n)*), 2((n+r)"(2+r)" Z AW dv;,.) +dW)Ed,,,,) )
+(N+0)E2+N))+M=2)(N+N"B+N° +(n+1)=(3+ r)‘F)

L2nr((r+n)t +(r+n)%) Zz(d(v)tl d(vl )= +d(v)" d(vl )t,)
2r((r+2)" +(r+2)*)+(n=2)r((r+3)" +(r+3)") o
onp2s 2F((F+2)" +(r+2)%) ZZ(d (V) d(v; )" +d (V) d(v;, m)")
HN=2)r(r+3)" +(r+3)°) . o

2AN=Dr((r+2)" +(r+2)")+(n=2)n=Dr((r+3)" +(r+3)*) ZZZ(d(v)“d(v )t2+d(v)t2d(v )‘1)

+nr(r-1)+2r’n(n-1)+ + i=l =l k=l

(=D DA 27+ (T2 >3 (@) dw, ¢ +dw)dw, .
(n=Dr((n+r)" +(n+r)>) i=l =1

r(n-1(2+0)" +2+1)%), 2(n-Dr i”zlj(dwd(v )+ d) d >~>
2An-IX(r+2)" +r+2)+(n-2(n-1((r+3} +r+3) =i ke

2(n=1)((r +2)" +(r+2)%)+(n=2)(n=D((r +3)" +(r+3)*) ZZZ A" d(Vy )" +dO)d (V)"
N(=Dr((r+2)" +(r+2)*)_ 2n(n-r* =i kel 4
2n—1)(N-2)2+0)"", (N-Dr(@+n)" +Q2+r)*) ZZZZ(d(v (v, ) +d ), )tl)
(—D(N=2r(r+2f +(r+2)°)_ 2(n—1)r’, oo

2(n-2)(n— 1)r2 . Z Z (d(v| H—l)tl d(vj J+1)t2 +d(V| |+l)t2 d(VJ J+l)tl)
Proof. By virtue of the definition of generalized Zagreb i JrzHl *
index, we get 4 a0 \b IS FOPT IS

M {r’s}(l r(F’“n )) _ ;Jz(d(v |+l) d(V +d(V |+1) d(V ) )

S @o)rdhy: +do ) > Y S AV )" +d(v,)" d@m )")

i=1 j=i+l 4 i=l jefl,2; -1 k=1

Z(d W) d(v)E +d (V)= d(V )“) ZZ Z @ Yrdv e +dv! Yedv )")

> @) d)" +d)* dw)) > $ ST @W ) +dE ) d(vﬁ_m )
i=1 + i=1 j=i+1 k=1 t=1

2.2 dW dEH)E +dW)=dv))") _(rP =) 2r((r+n) +(r+n)®)

i=l j=I +

2A(N+r)" 2402 +(N+N2 2+ +(=2)(n+1)" (3+r)"

~ 460~
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+H(N+1)23+1)")  2nr(r+n)" +(r+n)?) .

2H(r+2F Hr+2))+N-Dr(r+3) +(r43) o,
2r((r+2)" +(r+2)%)+(=2)r((r +3)" +(r+3)*)
2(n=Dr((r+2)" +(r+2)%)

+HN=2)(N=Dr((r+3)" +(r+3)%) (12PN 1)+
(N=D((N+1) (r+2)* +(n+1)" (r+2)*) .
(n=Dr((n+r)" +(n+r)%)

r(n—1(2+r)" +2+n"%),2(n-nHr*

2An-1x(r+2)" +(r+2)>)

Hn=2)(n-D((r+3)" +(r+3)%),

2AN=T)(r+2)" +(r +2)%)+(=2)N—=1(r +3)" +(r +3)%)
N(N=Dr((r+2)" +(r+2)*) , 2n(n-Dr*,
2(n-1)(N=2)2+1)"™  (N=Dr(2+1)" +(2+1)%),
(N=D(N=Dr((r+2)" +(r+2)%), 2(n—-Hr,
2(n=2)(n-Dr* 0

Corollary 7. Mirs (F)
2(n"2% +n"2")+(n-2)(n"3% +n"3")
(n—1)(n"2% +n"2%)

2N-1)2" +2%)+(n-2)(n-D3" +3%) ,

2N-1)2" +2%)+(n-2)(n-D)3" +3%) ,
2An-1(n-2)2""*

Theorem 8. Mirs (1o (W )_(r? =N,
2r((r+n)" +(r+n)*) , n(+)' G+ +n+n>G+r)")
200 ((r+n)t +(r+n)%)  ar((r+3)" +(r+3)*) 500,

nr((r+3)" +(r+3)*) , nn=-Dr(r+3" +(r+3)*) nr(r-
)+2r’n(n-1) +
(N=D((N+1)"(r+2)* +(n+1r)"(r+2)%)

(n=Dr((n+n)"+(n+r)),
r(n=D(2+0n"+@2+r)%), 2(n-r*,
n(n—1)((r +3)" Hr+3)"),

n(N=1)((r+3)" +(r+3)*),

n(N—Dr((r+2)" +(r+2)*), 2n(n-1r*,
2(n-1(N=2)2+1)"™  (N=Dr(2+r)" +(2+1)%),
(N=1)(N=2)r((r+2)" +(r +2)t2)Jr 2(n=1Dr? N
2(n=2)(n-Dr*.

Proof. In view of the definition of generalized Zagreb index,
we deduce
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M{r,s}(lr(wn)):
S @) deh +dv ) dv))

i=l j=i+l +

S AWV +ddv))

i=1 +

i(d URELURIONY

ZZ(d(V)t‘d(V )* +d(v)*d(v)")

i=l j=l1 +

(d () d(v)" +d(v)=d(v)")

+

> A AW )

k=1 +

+

Z Z(d(v ) d (V)R +d(v)° d (v )“)

i=l je{l,2,-,n}—i k=1

3 i AV ) +d)dEe))

i=1

™

r—
i +

M:

>3 @) d v+ d )t d v

i+1

n
i=l |
n

Z (AW d(Vv,;.)* +d (W)= d(v;;,)")
i=1 +

S AW ! ) +dwrd! )

i=1 j=l1 +

S @ dw, ) +ded, .

i=1 j=l1

r n-1 r

P RICOHLPEIORS ».
Zn:nZ(d(v (v, ;)" +d(v)Rd(y; J+1)“)

i=1 j=1

33 Y @) ) )t A ”
i=1 j=1 k=1

S S (AW vy, +AEDEAQ, ) )

i=l j=I k=1

r n-r

ZZZZ(d(v (v ) +dv)d(v l)tl)

i=l j=1 k=1 t=I

n-1 n

zz(d( i, |+1)tl d(vj,J+1 : +d(\/| |+1)tZ d(vj,j+l)tl)
+

i=l j=i+l
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ST O ) (v ) AW )
.

i=1 j=I

Y Sy ek +d<..+,)t2d<¢,_m)‘l)

i=l jefl,2, -5 k=1

n

zzzm(w AW ) +d@! )‘zd(vm)“)

i=1 j=1 k=j+1
n-1 n-2

> Z Z (d(vi )Md(v) B +d (v )Rdv) )"

i=l j=i+l k=1 t=1

_(r* =0, 2r((r+n)" +(r+n)%),
n((N+1)"G+r)%+(+r)>G+r)"), 2nr((r+n)"
+Hr+m)") nr((r+3)" +(r+3)*) 50,

nr((r+3)" +(r+3)%) . n(n=Dr(r+3)" +(r+3)*)

+nr(r-1)+2r’n(n-1) +
(N=D((N+1)" (r+2)" +(n+1r)"(r+2)%),

(h=Dr((n+r)" +(n+r)*)
r(n=D(2+0"+@2+r)%)_ 2(n-nr*,
n(n=1)((r +3)" +(I‘+3)t2)Jr n(n=1)((r +3)"
Hr+3)2), n(n=Dr((r+2)" +(r+2)%)
2n(n-Dr’ 2(n-1)(n—=2)(2+r)"*"
(N=Dr(2+r)" +2+n)°*),

(N=D(N=2r((r+2)" +(r+2)%), 2(n-Hr*,
2(n-2)(n-Dr*. 0
M, o W,) _n(n"3%+n"3")

Corollary 8. +
(n —1)(nt‘ 2% 4nt 2t2)Jr n(n-— 1)(3“ +3b ) n
n(n— 1)(3tl +3° ) n 2(n—=1)(n— 2)2tl+t2 '
4. General Harmonic Index
2
r( )
Theorem 9. H (L (F) Z tntr+1 +
2 k
2(——= _
(n+2r+ ) o )( 2r+3)+
22

s +<”‘3>(m> .

2r(£)k +(n —2)r(ﬁ)k

Proof. In view of the definition of general harmonic index,
we deduce

Hi (I, (F))_.Zl:(d(v)+d(v)) +Z‘(d(v)+d(v)

z(o|<v)+ol<v.+l>) ZZ(d(V>+d(V,)

+ i=l j=1
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r(—2 ’

— nN+r+1

<2(—2 P2
n+2r+2 n+2r+3
2 a2
QD+ 0 3)(2”6))+

2 -2 (=2
@re—) +(n=2r(—>) ).

U
2(—) +(n- 2)(—)
Corollary 9. H (R _ +3° 4
2« 1.,
2(5)+(n=3)(—
(5) ( )(3).
r 2 )X
Theorem 10. Ho (WD) nrr+1 n
2 k 1 k 2 K
n nr(——
n+2r+3 4 (r+3) + (r+4)

Proof. In terms of the definition of general harmonic index,
we infer

H, (I, (VV ) _ Z(d(v)+d(v)) +;(d(v)+d(v)
Z( D)

d(V)+d( .+1) R=g= d(V)+d(vJ
r( 2 “'n 2 K'n 2 )k
= n+r+1" + n+2r+3 4+ 2r+6 4
2
vt !
2 1.,
—) n()
Corollary 10. k(W)— n+3" + 3
2
~ r( )k
Theorem 11. H (1, (F, )): n+r+1 4
2 k
2(——— _
(n+2r+2) +n )(n+2r+3) "
2
(n—2)r(—) 2(— )+2(n 2)(_)
r+4 r+

<n+1)r<r—f3)k

Proof. Using the definition of general harmonic index, we
obtain

r 2 k
2 Gmran) .

ZZ(d(v)+d(v)

+|1]1

H (1, (F)) _

Z(d(v)+d(v)
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)k

.z(d<v)+d<v.+1>) z(d<v..+1>+d<v.+1>

r 2 )
Z Z (d (Vi) +d (Vij:m ))

i=1 j=1

r( 2y
= n+r+1 4
(2(n+2r 2) +(n _2)(n 2r+3))

(2r(m) +(n —2)r(m) )+

2 Ko 2
((m) +(n 2)(2r+5) )+
SNV S NN S
((2r+4) +(n 2)(2r+5) )+(n l)r(r+3).
N
N)(—=—
Corollary 11. H (F) ( )+(n )( )+
L iomon
2(2) +2(n 2)(5).
R SN
Theorem 12. H(I(W)) n+r+l 4
2 22 nr2 )
n(n+2r+3)+nr(r+4)+ ( )+ (r+3)

Proof. By virtue of the definition of general harmonic index,
we get

2 k : 2 k
H, (1, (W,))_ Z(d(v)+d(v) +Z‘(d(v)+d(v))
ZZ(d(v)+d(v)

e
+Z(W) Zn(ol(v 1)2+d(v o,
;;(d<vi,i+l)2+d<v:m>)k
:r(n+2r+1)k+n(n+22r+3 k+nr($)k+
n(2r2+5 k+n(2r2+5)k+ (?3) 0
Corollary 12. H W) _ (n 3) o ( )

5. General Second Geometric-arithmetic Index

2J_1 zJ_z

Theorem 13. % (I (F )) A +
% & ¥ (D (ZJr+r(r+ D
3 + (n - 3) + (n IXr 1)
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Proof. Using the definition of general second geometric-
arithmetic index, we have

3 2nwne ))k

= n(v)+n(v)

GAY(I,(F,))_
Z(2 n(v)nv,) x Z(2,/n(v)n(v

n(v)+ n(v) P n(v)+n(v,+l)
2‘/ n(v, )n(v ¥
3> I )

4 i=l j=1 n(V)+n(V)

Ir(zﬂ/r+n(r+ ¥ ((2\/(r+1) (n— 1)(r+1))

i=1

(n+D(r+1) n(r+1)
2J(r+D(n=2)(r + D],
+(n—=2)( v (n)—(l)(r+)1() )]))
2J(r+D2r+1) 2J2r+12(r+1)
B S T
D
(n+I(r+D) 0
GAX 2(2L\/T1)k
Corollary \/_13. A (Fy) _ n
2Nn-2,  2/2,
+(n—2)(—(n_1) ) +2(T\/_) -3
2Jn-2,
Theorem 14 GA;(Ir(Wn)):n( n-1 )+n+
r(n+1)(2“,r+n(r+l))k
(n+1)(r+1)

Proof. In view of the definition of general second
geometric-arithmetic index, we infer

Z(2\/n(v)n(v )k

GA (1w, & awy+ )
2n(v)n(v;) 2,/n(v)n(v+
zl( n(v)+n(v,) y le( n(v)+n(v+l)
2‘/n(v (v, X
ZZ n(v)+n(v)
+| =1 j=1
i (z/r+n(r+ ) (2\/(n 2)(r+1)(r+1))k
(n+D(r+1) (n—=D(r+1) .
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4r+1) N (n+1)(r+1)
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k n(———)
Corollary 14. GAW)_" n-1 7 in
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k = 2(2Vn_1)k
Theorem 15. GAz (. (F)) _ n "
2n(r+1)-1
m(%):( 4)(,W )

Proof. By virtue of the definition of general second
geometric-arithmetic index, we yield

Y 2\/n(V)n(Vi))k

G (1,(E )2y s v

Z 2,/n(v)n(v,) 2NN o iz(zln(v)n(vJ

i=1 n(V)+n(V) 4 i=l = n(V)-i-n(VJ)

i (2\[ n(V )n( i |+1)) 2\[ n(VI i+1 )n(VHl ))
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n
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Corollary 15. GA, (Fy) _ +

(3n- 4)(—\/3(2nn_3))k
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Y 3
Theorem 16. GA;(If(Wn))z n( 2n+1

r(2n +1)(2«/r+ 2n(r +l))k
2n+D(r+1)

Proof. In view of the definition of general second
geometric-arithmetic index, we deduce

z(2\/n(v)n(v ))

+

GA;(Ir(\Nn))_| 1 n(v)+n(v )
2,/n(v)n(v,) 2\/n(v)n(vJ ¥

Z

= nV)+n(v,)

D ) Crli

== n(V)+n(V‘)

~ 464~
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6. General Co-PI Index

k
Theorem 17. Let n=3, then Co—PI, (I.(F))_
2((N=2)(r+1)" +(n = 2)((n = 3)(r + ) 2(r +1*
(N+Dr((r+n(r+1))-1)"

Proof. Using the definition of general Co-PI index, we have

Co-pik(, (2O 3 2her-nef

Z]n(v) v, ZZ\n(v) )|

+ i=l j=1
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Corollary 17. Let n23, then Co-PI,(F)_2(n-2)

+(n-2)(n-3)", 2
Theorem 18. Let n=3, then CO_PI\f(Ir(Wn)):
N((N=3)(r+1)", (n+Dr((r+n(r+1) -

Proof. In view of the definition of general Co-PI index, we
infer
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:r|(r+n(r+1))—1|kJrn|(n—2)(r+1)—(r+1)|kJr
”|2(1+r)—2(l+r)|k+nr|(r+n(r+1))—1|k.D
Co—PIVk(\Nn):n(n_3)k.
Theorem 19. Let n=2, then CO_PIvk(Ir('fn)):
2(2(n=2)(r +1))", 2nr2n(r +1)-2)* ,
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Proof. By virtue of the definition of general Co-PI index, we
yield
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Theorem 20. Let then Co- PI\E (I, (\Nn)) =
3n((6n=7)(r+1)* , @n+Dr(r+2n(r+1)-1)*

Proof. In view of the definition of general Co-PI index, we
deduce
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