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Abstract
An attempt has been made to obtain all possible integer solutions satisfying the cone given by

z? =ax’+a(a-1)y*,a>1
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Introduction

Ternary quadratic Diophantine equations representing cone are rich in variety and one may refer
-5 for the non-zero distinct integer solutions satisfying the respective equation. In the above
references, the integer solutions are obtained by applying the factorization method and
employing the method of cross multiplication.

In some cases, the linear transformations have been introduced to obtain the integral solutions
for the respective equation. It is observed that one may obtain all possible integer solutions
through a single process which is the main thrust of this process.

2. Method of Analysis
Ternary quadratic Diophantine equation to be solved is

7’ =ax*+a(a-1)y’,a>1 1)
Assume Z = aw 2

Substituting (2) in (1), we get

aw’® = x* + (a-1)y? ®)
Consider X X ,l =Y in(3)

w w
Then, 3)= X*+(a-1)Y?’=a @)

Where X and Y are rational
Considering the linear transformation

Y=t(X-1)+1 (5)
In (4), it leads to

[1+(a—1t2]X % +[(2t - 2t2)(a-1)]X
+(@a-1(t-1)*-a=0

Where t is rational
Treating (6) as quadratic in X and solving for X, we have
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_ 1
T2+ (a1t

J@-124t2(t—1)> - 41+ (a—Dt’][(a—-1)(t —1)> - a]

[(2t? - 2t)(a-1) =

1
"I e t-DE-DE(@-D D)
(a-Yt* —2(a-Nt-1

X =1, >
(a-Dt° +1

Substituting the X values in (5), we get the corresponding Y
values to be

1-2t—(a-1t?
(a-Dt? +1
The values X=Y=1 lead to the integer solutions of (1) to be
(w, w, aw)
Considering the rational values of X, Y, note that for any

given ‘@’, it is possible to choose rational‘t” and integer ‘w’ so
that x,y,z are integers.

A few numerical examples are presented below

a t w X y z
1

5 — 4 -8 -2 20
2
1

4 — 5 -10 0 20
3
1

2 — 10 -14 -2 20
2
1

3 — 9 15 3 27
4
1

6 — 3 -7 1 18
5

For simplicity, choosing’ w’ as

w=¢a[l+(a-Dt*],a € z—{0}, the integer solutions of
(1) are given by

x=af(a-Dt* —2(a-1t-1]
y=a[l-2t—(a-1t’]
z=aafl+(a-Dt?]

3. Conclusion

In this paper, we have made an attempt to obtain all integer
solutions through a single process. To conclude, one may
search for the equations for which the above method is
applicable.
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