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Abstract

The knapsack problem is an important problem in operations research. By taking some practical instances with the use of the
dynamic programming method and integer programming method to solve the knapsack problem, this paper makes a
comprehensive comparison of the two methods, and the conclusion is: When the integer programming method is applied to
solve the knapsack problem, it is necessary to decide to use implicit enumeration method or branch and bound method
according to the type of the knapsack problem. While the dynamic programming method pays more attention to the middle

process of putting items.
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1. Introduction

Since the knapsack problem was first proposed by Merkle
and Hellman in 1978, it has been applied to practical
problems such as investment decision-making, so it quickly
became a focus studied in the field of operations research®
9, There are different methods to solve this problem, such as
dynamic programming method, integer programming
method, genetic algorithm and ant colony algorithm, in
which the integer programming method and dynamic
programming method are most commonly used%-1?l, What
are the characteristics of the the two methods? And what
kind of problems are these two methods more suitable for
solving? If these two problems can be answered, we will
formulate problem-solving strategies more quickly and
more efficiently, and better solve the problem. Therefore,
this article intends to make a comparison and analysis of
these two methods to get more valuable conclusions.

2. The integer programming method to solve knapsack
problem

2.1 Mathematical model of 0-1 knapsack problem

The 0-1 knapsack problem is described as follows: It is
known that there is a knapsack with the maximum capacity
a kg. There are n kinds of items that can be put into it, and
each item can be put one at most. The weight of the i th item

is & kg, and the value of the i th item is Ci . Then how to
arrange the items to maximize the total value in the
knapsack?

According to the description above, in 0-1 knapsack
problem, the plan for each item is to be put or not, which is
the only constraint. Therefore, the mathematical model of 0-
1 knapsack problem can be expressed as follows:

" 1  putthe ith item in the knapsack
~ 10 do not put the ith item in the knapsack 1)

‘ ) )

According to the implicit enumeration method which is
commonly used to solve 0-1 integer programming problems,
the specific method is described as follows:

Step 1: If there are n independent variables, there

are 2" values of independent variables.

First, all the possible values of independent variables are
listed;

Step 2: Calculate the value of the objective function z under
the value of the first set of independent variables ;

Step 3: Test whether the values of the first set of
independent variables meet the constraint conditions. If they
all meet the constraint conditions, then this set is taken as an
alternative; if the constraint conditions are not met, this set
of independent variable is discarded,;

Step 4: If the values of the first set of independent variables
meet all constraints, then a filter condition can be formed:
The z calculated is the lower bound of the final objective
function. If the following z calculated later is less than it,
then the following set of independent variables should be
discarded.

After the values of all the listed set of independent variables

following by the above four steps, the maximum value of
the objective function is the lower bound finally obtained of
the objective function, and the values of corresponding
independent variables are the optimal solution. The
calculation process is shown in Table 1:
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Table 1: The process of implicit enumeration method

The Constraint Filter
0O X, g )value conditions conditio

ofz ab - p n
(0,0,---,0) z, VA 227
0,0,---1) z,

In order to elaborate the above processes, we give an example to
illustrate next.

Example 1:

A truck with a maximum capacity of 10 tons is used to carry
three kinds of goods (each kind of goods is at most one). As
for each goods, the weight of per unit and its value are
shown in Table 2. Then which goods should be put to
maximize the total value in the knapsack?

Table 2: The weight and value of three goods

Number of the goods(i) 1 2 3
Weight of per unit /t 3 4 5
Value of per unit(ci) 4 ) 6

Solution:
According to the description of the problem above, we
establish a 0-1 linear programming model: Supposing that

X, represents whether the i th kind of goods are put in or
not, and z represents the total value of the goods:
putith item in the bag

1
X =
{0 do not putith item in the bag

®3)
max z = 4X, +5xX, +6X,
3%, +4X, +5%, <10
s.t.{ a Zgori (i=12,--,n)
X =
' (4)

By using the implicit enumeration method we obtain the
optimal solution of this problem. The process is shown in
Table 3:

Table 3: Solving example 1 with the implicit enumeration method

(X, X,,+++, X,) | The value of z|Constraint|Filter condition
(0,0,0) 0 \ z20
(0,0 6 \ 726
(0,1,0) 5 -- --

(4,0,0) 4 -- --
(0,11 11 \ 7211
@00 10 -- --
11,0 9 — ~
@1 15 x -

It can be seen from the above table, the optimal solution and
the maximum value of the objective function are
% =0,%=1x :1, maxz =11 \hich means that when
the truck load the 2th and 3th goods the total value reaches
its maximum 11.
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2.2 The pure integer programming model for knapsack
problem

For the general knapsack problem, the variable X, represents
the quantity of the i th item in the knapsack, which is also
the only one constraint. Therefore, the mathematical model
can be expressed as:

n
max z= Y cX,
i=1

n
Yax<a
i=1

X, 20 and x; is an integer

st. (i=12---,n)

()

Assuming that the original pure integer linear programming
problem is A and the corresponding relaxation problem is B.
The branch and bound method can be described as follows:
Step 1: Write the relaxation problem of the original problem
B;

Step 2: Calculate the optimal solution and objective
function value of problem B. If it has no feasible solution,
then there is no feasible solution to the original problem A
neither. If the optimal solution is an integer solution, then it
is also the optimal solution of the original problem A. If the
optimal solution of problem B is not an integer solution,
then we perform the following steps;

Step 3 (Branching process): Pick one variable that do not
meet the requirement of integer to branch, and divide it into
two branches

X; < I_ijj, X; 2|_ij+1 ©)
This two conditions should be added to the original problem
respectively, which causes two subsequent questions C, D;
Step 4 (Bounding process): If the optimal solutions of the
two subsequent problems calculated are both integer
solutions, we shill compare the values of the objective
function of the two subsequent problems, and the solution
with the larger value of the objective function is the optimal
solution. If one of the solutions of the subsequent problem is
not integer, then we should first compare the value of the
objective function of the two subsequent problems, and then
choose the one with larger objective function value to
branch again and get two subsequent problems marked as E,
F.

Step 5: Calculate the optimal value and objective function
value of the problem E, F. If the optimal solution is an
integer and the corresponding objective function value is
larger than problem D’s, this solution is the optimal
solution. If the optimal solution is not integer, but the
objective function value is larger than D, then continue to
branch this problem. While if it is smaller than D, then
branch the problem D.

We repeat the third to fifth steps above until the optimal
solution is found.

In order to make the procedure above more clear ,we give
an example to explain in detail next.

Example 2

A truck with a maximum capacity of 10 tons is used to carry
three kinds of goods (the quantity of each kind of goods can
be loaded more than one). As for each goods, the weight of
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per unit and its value are shown in Table 4. Then which
goods should be put to maximize the total value in the
knapsack?

Table 4: The weight and value of three goods

Number of the goods(i) 1 2 3
Weight of per unit /t 314
Value of per unit( Ci) 4159 6
Solution:

According to the description of the problem above, we
establish an integer linear programming model: Supposing

that X, represents the quantity of the i th kind of goods
loaded in the truck, and z represents the total value of the
goods:

max z = 4x, +5X, +6X,
{ 3%, +4X, +5%, <10

o (i=1,2,--,n)
X, >0 and x, is an integer

()

We enter the code in MATLAB to implement the branch
and bound method, and the results obtained are as follows:
X=

2.0000

1.0000

0

fval =

13.0000

0.697441 seconds have passed.
Therefore, the optimal

iSx1=2,x2 =1x,=0

solution calculated

, and the maximum value of the
objective function is 13, which means that when the truck
loads the 1th and 2th kind of goods with a weight of 2t and
1t respectively, the value reaches the maximum of 13.

3. The dynamic programming method to solve knapsack
problem

Since the knapsack problem has multiple stages to put
different types of items, and its purpose is to maximize the
value of all items put in the knapsack, it is necessary to
make the best decision from a global perspective. Therefore,
the knapsack problem is also a multi-stage decision
problem, which can be solved by dynamic programming
method.

There are two basic algorithm in solving dynamic
programming problems: forward dynamic programming
algorithm and backward dynamic programming algorithm.
Next we will study their basic principles and their
application in the knapsack problem.

3.1 The forward dynamic programming algorithm for

knapsack problem

Supposing there are n items, then the forward dynamic

programming algorithm can be described as follows:

e Stage k: According to the order of loading we divide the
whole procedure into n stages. We can put only one
kind of the items in the knapsack at each stage,
therefore the value of k is 12"+ ;

e  State variable Sk+l: At the beginning of the stage k, the
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total weight of the previous k items allowed in the
backpack is S ;

e  Decision variable X« : the quantity of k th items loaded
in the knapsack;

e State transfer equation: Sk = S~ A Xy (8)
e The
sets:
D(s, ;) = % |0 < X, <[5,../a.], s an integer |
©)

e The optimal index function fic(S) represents the
maximum value of previous k kinds items with the
constriction that the weight of the k+1 kind of item is

decision

not more than Sk+1kg, and the optimal strategy is used
to load only the first k items. The recurrence equation is
as follows:

f(s.,)=max
k( k+1) =01 [5,1/3]

{Ck %)+ fi(Sea _aka)} (k=0,1-n)
f0(51) =0
(10)

We perform the algorithm from k = 1 to k = n to obtain the
maximum value of the problem, and then the optimal
solution can be deduced inversely.

Next we apply the forward dynamic programming algorithm
to solve example 2.

Solution:

There are 3 stages in this dynamic planning, and the 1tth,
2th and 3th kinds of goods are put in successively; the

decision variable *1' %27 %3 are the quantities of the 1th, 2th
and 3th  kinds of goods; weight of per

unita1:3’a2:4'a3:5and the  value of  per

unitCl =46 =56 = 6are substituted into (8) (9) (10)

then the transfer equations are obtained as follows:

k=1 f(s,) = OQ;?XSSZ{4X1} (11)

k=2, 1:2 (53) = 05'2223(/4{5)(2 + fl(s3 '4X2)} (12)

= = + -
k=300 XED%{MQ} (10-5%)} (13) according to the
steps above, we write the MATLAB code in to implement
the forward dynamic programming algorithm, and the
results obtained are as follows:
stepl =
012345678910
0004448881212
00011122233
step2 =
012345678910
000455891012 13
00001101201
step3 =
012345678910
1313131313101010101012
00000111111
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0.107600 seconds have passed.

It can be seen from the second line of “step 3” that the
maximum value of the original problem is 13. In this case,
the weight of the 3th kind of the goods is Ot, and the 1th and
2th kind of the goods can be calculated as 2t and 1t.

3.2 The backward dynamic programming algorithm for

knapsack problem

Supposing there are n items, then the backward dynamic

programming algorithm can be described as follows:

e Stage k: According to the order of loading we divide the
whole procedure into n stages. We can put only one
kind of the items in the knapsack at each stage,
therefore the value of k is 1271 ;

e State variable Sk+l: At the beginning of stage k, the
maximum weight allowed in the knapsack in the next

stages is St :

o Decision variable X« : the quantity of k th items loaded
in the knapsack;

S

e  State transfer equation: Sk = Sicm A (14)

e The decision
sets: D(80) = % 10< x, <[s,/a,],%s an integer |

(15)

e The optimal index function fe(s) represents the
maximum value of the items allowed to be loaded in the
knapsack from the stage k to the stage n when the initial

state variable is Sk. The transfer state equation is as
follows:

(k=1,2---,n)

X =01+ [5 /2y
fra(Sn) =0
(16)

{fk (s) = max ]{Ck (%) + f (s -2 Xk)}

The following we use backward dynamic programming
algorithm to solve example 2.

Solution:

There are 3 stages in this dynamic planning, and the 1tth,
2th and 3th kinds of goods are put in successively; the

decision variable ' %27 %3 are the quantities of the 1th, 2th
and 3th kinds of goods; weight of per

unit® = 3a,=48,= 5and the  value of  per
unit S = 4C2 =585 =60 o nstituted into (14) (15) (16)
then the transfer equations are obtained as follows:

k=3, f,(s;) = max {6x3}

(17)

k=2,f,(s,) = max {bx,+ f,(s,-4x
2( 2) Osxzsszm{ 2 3( 2 2)} (18)
k=1 f,(10) = xI;T:](?i(s{lel +f,(s,-3%,)} (19)

We use MATLAB realize the above process more quickly.
And the results obtained are as follows:
optimal solution:13

www.allsubjectjournal.com

put 2 item1 in the bag

put 1 item2 in the bag

put 0 item3 in the bag

0.071611 seconds have passed.

From the above results, it can be seen that the maximum
value of the items loaded in the truck is 13 when the weight
of the 1th, 2th, and 3th are 2t, 1t, Ot, which is the same as
the result of the forward dynamic programming algorithm.
However, the MATLAB program of the backward dynamic
programming algorithm takes about 0.072 seconds, which is
shorter than the 0.1 second time used by forward dynamic
programming, indicating that process of the backward
dynamic programming algorithm is easier for this problem.

4. The analysis and comparison of integer programming
method and dynamic programming method

Though the results above, it can be concluded that both
integer programming method and dynamic programming
method can find the optimal solution and the maximum
value of the objective function for the knapsack problem,
but they have their own characteristics.

When using the integer programming method to solve the
knapsack problem, it is necessary to determine whether the
knapsack problem is a 0-1 integer programming problem or
a pure integer programming problem. When it is a 0-1
integer programming problem, it is suitable to use implicit
enumeration method to solve. As for implicit enumeration
method, it can be seen from the solution process of example
1 that we should list all the situations of the knapsack
problem first, then calculate the objective function values of
them in turn, judge whether they conform the constraint
conditions so that to determine whether the value of the
objective function can be a lower bound, causing a new
constraint condition for the next situation. After repeating
the above steps, the optimal solution is the solution with the
maximum of lower bound of the objective function. When
the knapsack problem is a pure integer programming
problem, it is more appropriate to use the branch and bound
method to solve it, that is, first we should branch an
independent variable, generating two subsequent problems,
and compare the values of the objective function of the
subsequent problems. Repeat the process until the solutions
obtained are all integers and the objective function value is
the largest.

It can be seen from the solution process of example 2 that
the built-in functions in MATLAB can be used directly
when using the branch and bound method to solve the
problem, and the running time is about 0.697 seconds.

When using the dynamic programming method to solve the
knapsack problem, firstly it is necessary to clarify the total
stages, and then define the state variables, decision
variables, state transition equations, allowable decision sets
and index functions. Then we should choose the forward
dynamic programming algorithm or the backward dynamic
programming algorithm, whose state variables, decision
variables, state transition equations, allowable decision sets
and index functions are all different, which need to be
defined according the practical problem. Additionally, the
calculation direction of the forward dynamic programming
is from the first stage to the last stage, but the direction of
decision-making is from back to forward. While the
calculation direction of the backward dynamic programming
is from the last stage to the first stage, but the direction of
decision-making is from forward to backward
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In order to implement the forward dynamic programming
algorithm or the backward dynamic programming
algorithm, we can use MATLAB software. Because there is
no built-in function in MATLAB for this two algorithms,
long programs needs to be written. The running time of the
two algorithms is 0.1 seconds and 0.072 seconds
respectively.

5. Conclusions

Knapsack problem is an important problem in operations

research, which is closely related to many practical

problems. There are many methods to solve the knapsack
problem, but the most commonly used methods are integer
programming method and dynamic programming method.

This article has compared and analyzed the two methods

with the combination of practical problems, then the

conclusions can be obtained as follows:

(1) When use the integer programming method to solve
the knapsack problem, we should first determine
whether the problem is a 0-1 integer programming
problem or a pure integer programming problem.
When it is a 0-1 programming problem, it is easier use
the implicit enumeration method which has few steps
and can be calculated manually. However, when the
knapsack problem has many stages and is complicated,
this method is not applicable. When the knapsack
problem is a pure integer programming problem, the
commonly used method is branch and bound method.

(2) The MATLAB program of the integer programming
method is simple and the running time is short. While
the MATLAB program of the dynamic programming
method is more complicated and the running time is
relatively long.

(3) The dynamic programming method requires us to
divide the stages first according to the problem;

(4) The dynamic programming method has two
algorithms: forward dynamic programming algorithm
and backward dynamic programming algorithm, whose
the meanings and values of variables are different. And
the complexity for solving one knapsack problem
using two algorithms may be different, which should
be consider according to the practical problem in
advance.

(5) When using the dynamic programming method to
solve the knapsack problem, forward dynamic
programming algorithm can be used to find the optimal
solutions from the initial stage to any middle stage, and
the backward dynamic programming algorithm can be
used to find the optimal solutions from any middle
stage to the last one.

In conclusion, the integer programming model is more
suitable for the knapsack problem which only needs to
calculate the final result of the loading items, while the
dynamic programming method is more suitable for the one
which pays attention to the middle optimal solutions.
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